. ABSTRACT ' This paper presents the development of simplified manipulator dynamic models which satisfy the desired steady-state error specification in the joint-variable space or in the Cartesian space under a nonlinear decoupled controller. The formulae which relate the tracking errors of joint variables in the joint-variable space or the manipulator hand in the Cartesian space to the dynamic modeling errors are first developed. Using these formulae, we derive the maximum error tolerance for each dynamic coefficient of the equations of motion. Then each simplified dynamic coefficient of the equations of motion can be expressed as a linear combination of the product terms of sinusoidal and polynomial basis functions. To illustrate the approach, a com puter simulation has been carried Out to obtain two simplified dynamic models of a Stanford robot arm which satisfy the specified error tolerances in the joint-variable space and in the Carte sian space under respective nonlinear decoupled controllers. Finally, to measure the time com plexity of simplified models, the number of mathematical operations in terms of multiplication and addition for computing the joint torques is tabulated and discussed with the parallel compu tation result of Newton-Euler equations of motion.
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I. Ihtroductidn
Robot manipulators are highly nonlinear systems and their dynamic performance is directly dependent on the efficiency of the control laws and the dynamic model of the robot. Past work focused mainly on designing efficient and robust controllers for manipulators [7] [8] [9] . This paper focuses on the inverse problem and addresses the issue of how much manipulator dynamics information should be included in the manipulator dynamic model for a nonlinear decoupled controller such that the controlled robotic system satisfies the desired steady-state system perfor mance in the joint-variable space or in the Cartesian space . We further show the efficiency of simplified models by considering the computational complexity of the controllers based on these simplified models.
The analysis and design of robot motion control strategies require the development of efficient closed-form dynamic equations. Two competing approaches [1] , [13] have been developed for handling the mathematical complexities involved in the dynamic model of robot manipulators. In the first approach, the emphasis focuses on the formulation of the dynamic model in an efficient recursive inverse dynamics form for generating the required generalized forces/torques for a given set of generalized coordinates, their time derivatives, and physical and geometric parameters of the robot arm [13] . One of the major drawbacks of these recursive dynamic equations is that they do not show the details of dynamic characteristics of robot mani pulators in explicit terms for control system analysis, design, and synthesis. In the second approach, the emphasis is on the formulation of explicit state equations for manipulator dynam ics, expressing the relationship between the generalized forces/torques and the generalized coor dinates with the system parameters explicit in the equations [I] . This is motivated by the grow ing interest in applying advanced control theory to robot manipulators [7] [8] [9] . Unfortunately, the generation of these state equations by hand (or even by a computer) for most industrial robots is a lengthy and tedious process. Furthermore, these lengthy state equations may exhibit too many insignificant details of dynamic characteristics of the manipulator, resulting in excessive compu tations in real time. Thus, the development of efficient schemes/algorithms for obtaining a simplified model that reveals the dominant dynamics without introducing significant errors into the dynamic model is essential for the advanced control of robot manipulators.
Various schemes/algorithms have been proposed for simplifying robot arm dynamic model [1] . [2] , [4] , [12] . Their approaches fall into one of the following categories:
(1) The reduction-rule and basis-function techniques which eliminate relatively insignificant inertial, Coriolis and centrifugal, and gravity terms to arrive at an approximate model based on the relative importance of their forces/torques as compared to the complete equations of motion [1] , [2] .
(2) A projection algorithm which, based on a least-square criterion, minimizes the Z2 norm error between the approximant and the nonlinear robot manipulator model [4] . One of the drawbacks of this method is the requirement to testing all the terms of a specific dynamic coefficient exhaustively for their significance.
(3) The expression of each dynamic coefficient is expressed as a linear combination of the basis functions and a minimax curve-fitting technique is used to provide an approximate model All the above existing simplification schemes described various methods of obtaining simplified dynamic models as compared to the complete Euler-Lagrange (EL) formulation. But all of them did not analyze the effects of the simplified dynamic model on the manipulator sys tem performance. That is, they did not describe the effect and the relationship between the modeling error in the equations of motion and the controlled system performance. Recently, Chang and Lee [3] developed a multi-layered minimax simplification scheme which obtains a simplified dynamic model in symbolic form based on the desired manipulator steady-state error system performance in the joint-variable space under a proportional-plus-derivative (PD) con troller. Thisminimax simplification scheme constructs the simplified dynamic coefficients using the basis functions. Each simplified dynamic coefficient is expressed as a linear combination of the product terms of sinusoidal and polynomial functions of the manipulator's joint variables.
Furthermore, the robot system under a PD controller using the simplified dynamic model satisfies the desired steady-state system performance in the joint-variable space. However, since the manipulator is a serial-chained mechanism, a small error in each joint variable in the jointvariable space control may propagate the error through the chain and cause a moderate error of the manipulator end-effector in the Cartesian space [9] . As a result, the simplified dynamic model derived in the joint-variable space and based on the steady-state error specification in the joint-variable space may cause a moderate steady-state error in the Cartesian space. Since the dynamic behavior of the manipulator end-effector in the Cartesian space is one of the most significant characteristics in evaluating the performance of the manipulator [8], [9] , we shall develop methods for deriving simplified dynamic models for satisfying the tracking error in the Cartesian space as well as the joint-variable space under respective nonlinear decoupled con trollers.Î n this paper, we extend the multi-layered minimax simplification scheme [3] to obtain a simplified dynamic model explicitly expressed in a symbolic form based on the desired manipu lator steady-state error specification in the joint-variable space or in the Cartesian space under respective nonlinear decoupled controllers, We first derive the formulae which relate the track ing error of each joint variable in the joint-variable space or the manipulator hand in the Carte sian space to the dynamic modeling error. Using these formulae, the maximum error tolerance for each dynamic coefficient of the equations of motion is derived. These maximum error toler ance specifications are then used in the multi-layered minimax simplification scheme to obtain a simplified dynamic model. Using the simplified dynamic model and under the control of non linear decoupled controller, the controlled system will satisfy the desired steady-state error con ditions in the joint-variable space or in the Cartesian space. A computer simulation was per formed on a Stanford arm to verify the proposed simplification scheme. Finally, to measure the time complexity of simplified models, the number Of mathematical operations in terms of multi plication and addition for computing the joint torques is tabulated and discussed with the parallel computation result of Newton-Euler equations of motion.
Relation of Steady-State E rror of Joint Variables and the Modeling E rror
In this section, we shall derive the formulae which relate the tracking error of each joint variable in the joint-variable space to the dynamic modeling error under a nonlinear decoupled controller. This error relationship will be used in the minimax simplification scheme in Obtaining a simplified dynamic model to be used for computing the nonlinear decoupled controller. The robot system under the nonlinear decoupled controller using the simplified dynamic model will satisfy the control system performance. The equations of motion of an n -jointed manipulator expressed in the joint-variable space can be written as [1] , [6] 
where e(t) -q^'(r>-q(r ) is the tracking error of joint acceleration in the joint-variable space.
To achieve better robustness, a high gain feedback to the nonlinear decoupled controller is added 
Manipulating equation (6), we obtain kf Dc (q) ( e(t) + Kv e(t) + Kp e(f) ) = AD(q)q + AH(q, q) + Ag(q)
wherT; ;
Since Dc (q) is invertible, we have
If no modeling error exists, then the right-hand-side of (I I) vanishes, resulting in
and if the values of Kv and Kp are so chosen that the characteristic roots of (12) have negative real parts, then e(r) approaches zero asymptotically [14] . However, since it is impossible to have an exact dynamic model of a manipulator and the complete Euler-Lagrange equations of motion may also have some modeling errors, it is more cost-effective to use an approximate model which does not introduce significant errors into the dynamic model and the controlled sys tem still satisfies the desired steady-state system performance. Using an approximate model, the joint variable error e(f) in (11) may approach nonzero Value due to the dynamic modeling error.
Thus ( 
Ci (S )^k vi et (t) + kpiei(
(16) and•£/(*), e,(f)> and e)(t) are the /th component of the error vectors e(f), e(f), and e(f), respec tively.
Effectof SimplifiedModel on Steady-State E rror in the Joint-Variable Space
To deteraiine the steady-state error of the joint variables in the joint-variable space, (13) is transformed into its Laplace transform equivalence
Si (S)
Ei(S). where; In the case that the modeling error in the kinetic energy matrix D(q) is small, kfa is approxi mately I. The value of kja is determined such that the inequality in (26) holds in the computer simulation. I f n steady-state error specifications Ejsp of the manipulator are given, I ^i-Zny.
Ei(S)
and under the condition that the desired path is a unit step, a sufficient condition for the actual steady-state error to be less than or equal tothe error specification (i.e., | | < Z1 ssp) iŝ
Thus we have obtained n linear inequalities for bounding the maximum modeling error in each gravity dynamic coefficient (i.e., gt in (2)). Equation (28) indicates that the problem of finding the maximum modeling error in each gravity coefficient is classified as a linear programming problem or a nonlinear programming problem depending on whether a linear combination or a nonlinear combination of | Agi | m, I < i Z n ,is being used in the objective function. To optim ize the objective function, the problem can be solved by several methods [11] . It is worth point ing out that some of the gj(q) may be zero or constant due to the manipulator structure 
Jfc=It=I
If n steady-state error specifications E^sv of the manipulator are given, I < i < n, and under the condition that the desired path is a unit ramp, a sufficient condition for the steady-state error to be less than or equal to the error specification (i.e., | e l ssv \ < ejw) is
(34)
Kfb Kpi j=l
Jk=IZ=I
In order to know the relative importance of each term of (34), we assume that the relative ratio of the maximum deviation to the corresponding maximum value of non-zero term in (34) is equal. [3] That is, for a fixed j , I £ j < n , where, for I < k,l < n, (40), respectively. Similarly, we can use the structure of H (q,q) as well as that of g(q)
[1], [2] , [16] and if we want to allow a larger modeling error bound for some hjU (q), we can use a particular objective function which weights I Ahjkl \ m heavier.
. t 2 ' '
If the desired path qd(r) to each joint variable is a parabolic, -, then we have If n steady-state error specifications E1 ssa of the manipulator are given, I Z i Z n ,and under the condition that the desired path is a parabolic, a sufficient condition for the steady-state error to be less than or equal to the error specification (i.e. j essa \ Z Essa) is
Jr 1Jr E t y [ E I 'Mjktik I m + E E l ^ja ik Q i I m -+I
Kpi j=l *=I *=1/=1
As before, if we assume that the relative ratio of the maximum deviation to the corresponding maximum value of the non-zero term in (47) is equal, then we obtain n linear inequalities for bounding the maximum modeling error in each of the dynamic coefficients (i.e., djk , hja , and £y) in (47).
where, for a fixed j , 
p (x , x) is the 6x1 vector of the Coriolis and centrifugal force,
p(x) is the 6x1 vector of the gravitational force, 
x(t) and x(f) are the first and second time derivatives of x(f), respectively.
To control the manipulator end-effector to track a desired motion trajectory, we use a non linear decoupled controller in the Cartesian space, which is similar to (5) (See Fig. 3 ). Tlie com puted generalized force of the nonlinear decoupled controller is 
¥ c( t ) -k f A p(X )(Zit) + ^ e(f) +
Tc =kf Dc(q )J_1(q)(e(t) + Kv e(t) + Kp e (t))
+ Dc ( q ) r 1( q ) ( x -j( q ,q ) q ) + Hc(q,q)-l-gc(q)
Substituting the computed torque from (59) into (I), we have D(q)q + H (q , q) + g(q) = kf Dc (q) J -^qX e(r) + Kv e(t) + Kp e(t) ) + Dc (q) J -HqXx -j ( q , q)q) + Hc (q , q) + gc (q)
Taking the time derivative of (53) and manipulating the resulted equation, we have x -j ( q , q ) q = J(q)q, (6 l| and substituting it into (60) and manipulating the equation, we obtain k f Dc (q) J -1(q) ( e(f) + Kv e(r) + Kp e(f) ) = AD(q)q + AH(q, q) + Ag(q). 
and Ci (r), Ci (f), and e)(t) are the i th component of the error vectors e(r), e(r), and e(t), respec tively.
Comparing (13) with (65), the same approach and method in Section 3 can be applied. We (68)Then if we are given steady-state error specifications ej^,, ejw, and e*sa of the manipulator, kf , Kv, and Kp in the Cartesian space, the same method can be applied as in the joint-variable space.
Determination of Maximum Modeling E rrors based on System Performance
In the above derivation of steady-state errors in the joint-variable space or the Cartesian space for unit step, unit ramp, and parabolic inputs, we can determine the maximum error toler ances (oxmaximum modeling errors) of the dynamic coefficients so that the manipulator control system using a simplified model under a nonlinear decoupled controller can still achieve the desired steady-state error specifications. Since most inputs consist of a linear combination of these three standard test signals, the maximum error tolerances for the dynamic coefficients of the equations of motion must be selected according tô
• (70)
Zdii^s s a V ij)
where e^(-), EssvC*), and CssbO are, respectively, the maximum modeling errors of Q due to unit step, unit ramp, and parabolic inputs. The derivation and analytical expression in previous sections relating the maximum error tolerances of the dynamic coefficients to the steady-state error specifications of the manipulator control system leads us to an interesting question: Given the desired manipulator steady-state error specifications under a nonlinear decoupled controller, how can we determine the complexity of the manipulator dynamic model such that the manipu lator control system can still achieve the desired performance? Thus, the complexity of the simplified dynamic model depends on the steady-state error specification of the manipulator sys tem. Anefficient minimax simplification scheme for reducing the cost of obtaining the dynamic coefficients of the simplified dynamic model to satisfy the desired steady-state error specifications has been proposed [3J. Following their approach and using the above derived maximum error tolerances of the dynamic coefficients, a simplified dynamic model can be obtained that satisfies the desired manipulator steady-state error specifications under a nonlinear decoupled control.
Computer Simulation
The multi-layered minimax simplification procedure in the joint-variable space has been implemented in a " C" program [3] and can be used to generate the simplified dynamic coefficients for any manipulator with prismatic and/or rotary joints. Here we used the software package for generating the simplified dynamic coefficients of the equations of motion based on the steady-state error specifications in the joint-variable space or the Cartesian space to satisfy the system ' performance under a nonlinear decoupled controller. The Stanford arm which con sists of rotational and translational joints is used as an example to verify the simplification algo rithm. Some of the parameters of the Stanford arm used in the computer simulation are listed in Table I . In order not to excite the resonant frequency of the manipulator under a nonlinear decoupled controller in the joint-variable space [6] , the position feedback diagonal matrix gain
Kp is set such that the undamped natural frequency of each joint is less than one-half of the structural resonant frequency, and the velocity feedback diagonal matrix gain Kv is set to have a critically damped or an overdamped system. In a Cartesian nonlinear decoupled controller, Kp is set such that the undamped natural frequency of each decoupled Cartesian subsystem is equal to 2Hz [17] , and the velocity feedback diagonal matrix gain Kv is similarly set as in the jointvariable space, We selected the same steady-state error specifications in the joint-variable space as in [3] . The steady-state error specifications in the Cartesian space can be generated from the steady-state error specifications in the joint-variable space through the Jacobian matrix (see Table 2 ). kfa is set to 1.2 to validate the inequality in (26) and kf is set to 30 for both nonlinear decoupled Controllers. In a linear or a nonlinear programming problem under constraints (28), 
In fact, since the above solution was derived by considering each constraint successively rather than simultaneously, it is not optimal but suboptimal. If some of the g; (q) are zero or constant due to the manipulator structure, then we exclude those terms in (72) and apply the similar method. Similarly, we found the other maximum modeling error bounds for the remaining dynamic coefficients.
The ratio between the maximum force/torque contributed by a specific dynamic coefficient (such as dtj , g f or JiiJk) and the total maximum force/torque (such as B{ or B {) is a criterion which can determine the relative significance of that dynamic coefficient. From our computer simulations, it was discovered that there are many dynamic coefficients that are insignificant. Table 3 and Table 4 list the significant dynamic coefficients of the simplified dynamic models which satisfy the steady-state error specifications in the joint-variable space and in the Cartesian space, respectively, under each respective nonlinear decoupled controller. As discussed in the previous sections, the maximum modeling error in each dynamic coefficient depends on the position gain matrix K_ which relates to undamped natural frequencies, the high feedback gain k f and the steady-state error specification. Thus under respective nonlinear decoupled controll ers, the time complexity of the simplified model depends on the steady-state error specification.
A larger steady-state error specification will result in simpler dynamic coefficients with less number of basis function terms. Similarly, by adjusting the position gain matrix and the high feedback gain, various complexity of the dynamic coefficients can be obtained. Although a large magnitude of the high feedback gain is desirable to achieve simpler dynamic Coefficients, however, in practice we cannot increase the high feedback gain without bound since a large magnitude of the high feedback gain will reduce the manipulator bandwidth. The irade-off must be considered [15] . Amajor bottleneck in computing respective nonlinear decoupled controllers (i.e., (5) and (59)) is to compute the dynamic terms Dc(q)q + Hc(q ,q ) + gc(q).
This computation is equivalent to the robot inverse dynamics computation [6] . Since various parallel algorithms have been developed to compute the robot inverse dynamics based on the Newtoh-Euler equations of motion [10] , the efficiency of the simplified dynamic model(s) can be gauged by comparing the required number of mathematical operations in terms of multiplication and addition with those stated in [10] . Table 5 compares the time complexity of calculating (75) on a uniprocessor computer using simplified models with the parallel computation of NewtonEuler equations of motion on a multiprocessor system [10] . Table 5 shows that the computation of simplified dynamic models on a uniprocessor has about the same amount of computation as the parallel algorithms on a multiprocessor system with six microprocessors [10] .
Conclusion
This paper presents the derivation of the formulae which relate the steady-state error in the joint-variable space or the manipulator end-effector steady-state error to the modeling error under respective nonlinear decoupled controllers. From the formulae, we could obtain the max imum admissible modeling errors in the dynamic coefficients while satisfying the desired steady-state error performance. Using the multi-layered minimax simplification algorithm, we obtained the significant dynamic coefficients of the simplified models of a Stanford arm. The complexity of computing a simplified dynamic model on a uniprocessor is quite comparable to those parallel algorithms on a multiprocessor system with six microprocessors. Furthermore, simplified dynamic models obtained from the minimax simplification scheme also satisfies the desired steady-state error specification under a nonlinear decoupled controller. 
